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Theory
• Model linear operators

by noncomm. polynomials

• Correctness of first-order
operator statements⇐⇒
nc ideal membership

• Approach is complete→ Semi-decision procedure

(Helton, Stankus, Wavrik ’98, Schmitz,
Levandovskyy ’20, Raab, Regensburger,

Hossein Poor ’21, H, Raab, Regensburger ’22)

Software
• SageMath package

operator_gb∗

• Noncomm. Gröbner bases

• Certified nc ideal membership

• Noncomm. ideal arithmetic

• Dedicated methods for
proving operator statements

∗available at https://github.com/
ClemensHofstadler/operator_gb

Automated proofs of operator statements

3
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Noncommutative polynomials

Noncommutative polynomials = elements in free algebra Z⟨X⟩

=
∑d

i=1 ci · xi,1 . . . xi,ki

Multiplication = Concatenation of words
(x1 . . . xk) · (x ′1 . . . x ′l) = x1 . . . xkx ′1 . . . x ′l

Two-sided ideals For f1, . . . , fr ∈ Z⟨X⟩

(f1, . . . , fr) =

∑
i

∑
j

ai,j · fi · bi,j
∣∣∣ ai,j,bi,j ∈ Z⟨X⟩


Fact Ideal membership problem f

?
∈ (f1, . . . , fr) is semi-decidable

(e.g., using Gröbner bases)

4
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Operator statements

Operators

• 0,a,b, c, . . . • s+ t, s · t, f(t1, . . . , tn)

Linearity = abelian (partial) addition + assoc. (partial) mult. + dist.

Operator statements

s = t, ¬φ, (φ ∧ ψ), (φ ∨ ψ), (φ⇒ ψ), ∃ x : φ, ∀ x : φ

Definition An operator statement is universally true if it follows from
linearity
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Determining universal truth

Idea Translate universal truth of formula into polynomial predicate

Quasi-identities

• Classical case of quasi-identities well studied (Helton, Stankus, Wavrik ’98,

Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

∀X :

m∧
j=1

Aj = Bj ⇒ P = Q

Strategy

• Interpret each operator as polynomial in Z⟨X⟩ and reformulate each
identity L = R as polynomial L− R

e.g., AB = BA ; ab− ba ∈ Z⟨a,b⟩
• “Being a consequence” (⇒) translates into ideal membership

Theorem

∀X :

m∧
j=1

Aj = Bj⇒ P = Q iff p− q ∈ (a1 − b1, . . . ,am − bm)

6
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“The Moore-Penrose inverse is unique”

Recall: B is Moore-Penrose inverse of A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C

Proof Using our software package operator_gb. . .
sage: from operator_gb import *
sage: assumptions = [a*b*a - a,...]
sage: certify(assumptions , b - c)

b - c = (-c + c*a*c) + b*c_adj*(-a_adj + a_adj*b_adj*a_adj)
- b*a*c*(-a*b + b_adj*a_adj) - b*(-a + a*c*a)*b
+ b*(-a*c + c_adj*a_adj) - b*(-a*c + c_adj*a_adj)*b_adj*a_adj
- (-b + b*a*b) + (-c*a + a_adj*c_adj)*b*a*c
- (-a_adj + a_adj*c_adj*a_adj)*b_adj*c + c*(-a + a*b*a)*c
- (-b*a + a_adj*b_adj)*c + a_adj*c_adj*(-b*a + a_adj*b_adj)*c1234

• Software produces cofactor representation
(= certificate for ideal membership)

• Cofactor representation is algebraic proof requiring only linearity⇒ Statement is proven in all settings where linearity holds

7
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Determining universal truth

Idea Translate universal truth of formula into polynomial predicate

Universal statements

effectively semi-decidable
using Gröbner bases

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

ψ

finitely many
ideal memberships

in Z⟨X⟩
Ë

é

CNF Ac
ke

rm
an

n

red
uc

tio
n

Theorem (H., Raab, Regensburger ’22)

A universal statement is universally true iff its idealisation is true

To treat all operator statements ; combine with Herbrand’s theorem
+ Heuristics
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“Every matrix has a Moore-Penrose inverse”

Fact: A matrix ⇒ ∃P,Q : PA∗A = A and AA∗Q = A

Claim ∃X : (PA∗A = A ∧ AA∗Q = A) ⇒ pinv(A,X)

Strategy

1 Derive explicit expression for X

2 Reformulate statement as a universal statement

3 Prove by verifying ideal membership

Proof Using our software package operator_gb. . .
sage: assumptions = [a - p*a_adj*a,...]
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Existential statements

In the previous example, we found a suitable expression.

Question Was this just luck?

– No!

Reason Herbrand’s theorem (Herbrand ’30)

An existential statement is universally true if and only if explicit
expressions exist and can be constructed as polynomial expressions in
terms of the basic operators appearing in the statement.

• Enumerating all possible expressions is hopeless

• Requires good heuristics → provided by computer algebra

• Several heuristics implemented in operator_gb
(ansatz, variable elimination, ideal/subalgebra intersections,. . . )
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Determining universal truth

Idea Translate universal truth of formula into polynomial predicate

Universal statements

effectively semi-decidable
using Gröbner bases

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

ψ

finitely many
ideal memberships

in Z⟨X⟩
Ë

é

CNF Ac
ke

rm
an

n

red
uc

tio
n

Theorem (H., Raab, Regensburger ’22)

A universal statement is universally true iff its idealisation is true

To treat all operator statements ; combine with Herbrand’s theorem
+ Heuristics
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Theorem (H., Raab, Regensburger ’22)

An operator statement is universally true iff the procedure terminates
and returns Ë

To treat all operator statements ; combine with Herbrand’s theorem
+ Heuristics
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Applications

• Handbook of Linear Algebra (20 Ë / 6 Ë / 4 é)

◦ yields ideals with ⩽ 70 generators in ⩽ 18 indeterminates
◦ cofactor representations consist of ⩽ 226 terms
◦ all proofs take ∼15 seconds altogether

• Recent results in operator theory
◦ Reverse order law of the Moore-Penrose inverse (Djordjević, Dinčić ’09)

◦ they: We use [. . . ] decompositions of Hilbert spaces
◦ we: purely algebraic proofs ⇒ our proofs generalise results

• New results (Cvetković-Ilić, H., Hossein Poor, Milošević, Raab, Regensburger ’21)

◦ software used to find minimal assumptions

• Diagram lemmas (Five lemma,
Nine lemma, Snake lemma,. . . )

ker(a) ker(b) ker(c)

A B C 0

0 A ′ B ′ C ′

coker(a) coker(b) coker(c)

f g

f ′ g ′

a b c
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