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Theory
• Consider linear operators

as symbolic expressions

• Correctness of first-order
operator statements⇐⇒
existence of
cofactor representations

• Approach is complete→ Every true statement
can be proven

Software
• SageMath package

operator_gb∗

• Efficient open-source
implementation

• Cofactor representations

• Dedicated methods for
proving operator statements

∗available at https://github.com/
ClemensHofstadler/operator_gb
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Operator statements

Operators

• 0,a,b, c, . . . • s+ t, s · t, f(t1, . . . , tn)

Linearity = abelian (partial) addition + assoc. (partial) mult. + dist.

Operator statements

s = t, ¬φ, (φ ∧ ψ), (φ ∨ ψ), (φ⇒ ψ), ∃ x : φ, ∀ x : φ

Definition An operator statement is universally true if it follows from
linearity
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Operator statements

Operators

• 0,a,b, c, . . . • s+ t, s · t,

∗, ·T , ∥·∥, ⊗, . . .

f(t1, . . . , tn)

Linearity = abelian (partial) addition + assoc. (partial) mult. + dist.

Operator statements

s = t, ¬φ, (φ ∧ ψ), (φ ∨ ψ), (φ⇒ ψ), ∃ x : φ, ∀ x : φ

Definition An operator statement is universally true if it follows from
linearity

Theorem (H., Raab, Regensburger ’22)

There exists a semi-decision procedure for determining universal truth of
operator statements based on symbolic computations.
It can be realised efficiently using computer algebra.
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Toy example: “The Moore-Penrose inverse is unique”

Recall: B is Moore-Penrose inverse of A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C

Proof

Using our software package operator_gb. . .

6



Toy example: “The Moore-Penrose inverse is unique”

Recall: B is Moore-Penrose inverse of A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C

Proof

Using our software package operator_gb. . .

6



Toy example: “The Moore-Penrose inverse is unique”

Recall: B is Moore-Penrose inverse of A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C

Proof

Using our software package operator_gb. . .

B = BAB = BACAB = . . . = C

A different point of view

L = R ⇐⇒ L− R = 0

L = M = R ⇐⇒ L− R = (L−M) + (M− R)

Theorem (Raab, Regensburger, Hossein Poor ’21)

m∧
i=1

Ai = Bi ⇒ L = R iff L− R =
∑
j

cj · Pj
(
Aij − Bij

)
Qj
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A different point of view

L = R ⇐⇒ L− R = 0
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• “cofactor representation”
• computable with computer algebra
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“Every matrix has a Moore-Penrose inverse”

Fact: A matrix ⇒ ∃P,Q : PA∗A = A and AA∗Q = A

Claim ∃X : (PA∗A = A ∧ AA∗Q = A) ⇒ pinv(A,X)

Strategy

1 Derive explicit expression for X

2 Plug in the explicit expression ; removes the existential quantifier

3 Prove by computing cofactor representations

Proof Using our software package operator_gb. . .
sage: assumptions = [a - p*a_adj*a,...]
sage: I = NCIdeal(assumptions + pinv(a,x))
sage: I.find_equivalent_expression(x)

[- x + a_adj*q*x, - x + a_adj*p*x,
- x + a_adj*q*p_adj, - x + a_adj*x_adj*x]

⇒ X = A∗QP∗ is MP-inverse of A
(can be proven using the software)
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Existential statements

In the previous example, we found a suitable expression.

Question Was this just luck?

– No!

Reason Herbrand’s theorem (Herbrand ’30)

An existential statement is universally true if and only if explicit
expressions exist and can be constructed as polynomial expressions in
terms of the basic operators appearing in the statement.

• Enumerating all possible expressions is hopeless

• Requires good heuristics → provided by computer algebra

• Several heuristics implemented in operator_gb
(ansatz, variable elimination, Gröbner basis techniques,. . . )
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Existential
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Solvability
of

equations
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Full matrix
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solutions

Cancellability
properties

Injectivity,
Surjectivity
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Range
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Projections

Majorisation

Exact
sequences

Mono-
morphisms
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Kernels

Cokernels
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Applications

Handbook of Linear Algebra (20 Ë / 6 Ë / 4 é)

• yields statements with ⩽ 70 identities in ⩽ 18 basic operators

• cofactor representations consist of ⩽ 226 terms

• all proofs take ∼15 seconds altogether

Recent results in operator theory (Djordjević, Dinčić ’09)

• they: We use [. . . ] decompositions of Hilbert spaces

• we: purely algebraic proofs ⇒ our proofs generalise results

Discovering new results (Cvetković-Ilić, H., Hossein Poor, Milošević, Raab, Regensburger ’21)

Triple reverse order law (Hartwig ’86) A,B,C elements in ring R

with A, B , C, ABC MP-invertible.

(ABC)† = C†B†A†⇐⇒
PQP = P, R(A∗AP)=R(Q∗), R(CC∗P∗)=R(Q)

14
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• they: We use [. . . ] decompositions of Hilbert spaces

• we: purely algebraic proofs ⇒ our proofs generalise results

Discovering new results (Cvetković-Ilić, H., Hossein Poor, Milošević, Raab, Regensburger ’21)

Triple reverse order law (Hartwig ’86) A,B,C elements in ring R

with A, B , C, ABC MP-invertible.

(ABC)† = C†B†A†⇐⇒
PQP = P, R(A∗AP)=R(Q∗), R(CC∗P∗)=R(Q)
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Triple reverse order law (Milošević ’19) A,B,C elements in C∗-algebra R

with A, B , C, ABC MP-invertible.

(ABC)† = C†B†A†⇐⇒
PQP = P, A∗APR = Q∗R , CC∗P∗R = QR

with P = A†ABCC†, Q = CC†B†A†A 14
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Discovering new results (Cvetković-Ilić, H., Hossein Poor, Milošević, Raab, Regensburger ’21)

Triple reverse order law (. . . ’21) A,B,C elements in ring R

with A, B, C, ABC MP-invertible.

(ABC)† = C†B̃ A†⇐⇒
PQP = P, A∗APR ⊇ Q∗R , CC∗P∗R ⊆ QR

with P = A†ABCC†, Q = CC†B̃ A†A 14



Conclusion

Advantages

• Allows to automate lengthy computations

• Proofs are universal only requiring linearity

• Software allows to find minimal assumptions

• Software allows to find short proofs

Summary

• Framework for proving first-order statements about linear operators

• Correctness ↔ existence of cofactor representations

• Approach is complete = Every true statement can be proven

What about your problems. . . ?
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