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Motivation

Theorem (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

∃X : AXB = C ⇐⇒ R(C) ⊆ R(A) and R(C∗(A†)∗) ⊆ R(B∗)123456

Goal Prove such statements automatically!
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polynomials
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claim

statement about
polynomials

formal

computation
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apply

framework
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Algebraic setting

• X = {x1, . . . , xn} . . . set of indeterminates

• 〈X〉 =
{
xi1 . . . xik | i1, . . . , ik ∈ {1, . . . , n}

}
. . . free monoid

• K〈X〉 =
{∑

m∈〈X〉 cmm | cm ∈ K such that cm = 0

for almost all m
}
. . . free algebra in X over K

• For F = {f1, . . . , fr} ⊆ K〈X〉 we denote

(F)ρ = (f1, . . . , fr)ρ =

{∑
i

aifjibi | ai,bi ∈ K〈X〉, fji ∈ F
}
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Framework for verifying operator statements

(Raab, Regensburger, Hossein Poor, 2021)

Starting point: Statement about linear operators to prove

1 Translation:
i. Phrase all properties in terms of identities
ii. Convert identities into noncommutative polynomials

2 Solving: Find elements of certain form in ideal

3 Apply framework: General theorem guarantees existence
of formal proof in terms of operators in all possible settings

3



Example

Theorem (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

∃X : AXB = C ⇐⇒ R(C) ⊆ R(A) and R(C∗(A†)∗) ⊆ R(B∗) − − − −−−−−

“⇐=”:
Translation: R(P) ⊆ R(Q) ⇐⇒ ∃R : P = QR

Assumptions:

AA†A = A, A†AA† = A†, (A†)∗A∗ = AA†, A∗(A†)∗ = A†A,−−

−− C = AY, C∗(A†)∗ = B∗Z + adjoint statements

Claim: ——-∃X : AXB = C
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Ideal intersections

Useful for finding polynomials f in ideal I of the form

f = lar for given a ∈ K〈X〉

Given ideals I, J ⊆ K〈X〉 and right ideals Iρ, Jρ ⊆ K〈X〉.
Compute the intersections:

∩ Jρ J

Iρ
tIρ + (1− t)Jρ

Iρ ∩ Jρ
K〈X〉

1
Iρ ∩ J

I
1

I ∩ Jρ
tI+ (1− t)J+ (tX−Xt)

I ∩ J
K〈X〉
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Finishing the example

Theorem (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

∃X : AXB = C ⇐⇒ R(C) ⊆ R(A) and R(C∗(A†)∗) ⊆ R(B∗) − − − −−−−−

“⇐=”:
Assumptions:

aa†a − a , a†aa† − a† , (a†)∗a∗ − aa† , a∗(a†)∗ − a†a ,−−

−− c − ay , c∗(a†)∗ − b∗z + adjoint polynomials

Claim: ——-∃x : axb − c ∈ (f1, . . . , f12)

az∗b− c ∈ (f1, . . . , f12) ∩ (a, c)ρ

6



Finishing the example

Theorem (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

∃X : AXB = C ⇐⇒ R(C) ⊆ R(A) and R(C∗(A†)∗) ⊆ R(B∗) − − − −−−−−

“⇐=”:
Assumptions:

aa†a − a , a†aa† − a† , (a†)∗a∗ − aa† , a∗(a†)∗ − a†a ,−−

−− c − ay , c∗(a†)∗ − b∗z + adjoint polynomials

Claim: ——-∃x : axb − c ∈ (f1, . . . , f12)

az∗b− c ∈ (f1, . . . , f12) ∩ (a, c)ρ

6



Finishing the example

Theorem (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

∃X : AXB = C ⇐⇒ R(C) ⊆ R(A) and R(C∗(A†)∗) ⊆ R(B∗) − − − −−−−−

“⇐=”:
Assumptions:

aa†a − a , a†aa† − a† , (a†)∗a∗ − aa† , a∗(a†)∗ − a†a ,−−

−− c − ay , c∗(a†)∗ − b∗z + adjoint polynomials

Claim: ——-∃x : axb − c ∈ (f1, . . . , f12)

az∗b− c = f1y+ (1− aa†)f5 + af12

6



Further techniques

How to find positive factorisations ?

Idea: Search for these elements by computing
homogeneous polynomials in ideal.

Task: Given ideal I ⊆ K〈X〉 and degree matrix D ∈ Qn×m.
Compute homD(I) := (f ∈ I | f homogeneous w.r.t. degD).

7
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Homogeneous part

Given: I = (f1, . . . , fr) ⊆ K〈x1, . . . , xn〉
Task: Compute homIn(I) = (f ∈ I | f homogeneous w.r.t. degIn)———

Generalisation of (Miller, 2016).

A = K〈X, T, T−1〉/(1− tit−1i , xjti − tixj, titj − tjti)

ϕ : K〈X〉→ A, xi1 . . . xik 7→ [xi1 . . . xikti1 . . . tik ]

t.I = (ϕ(f1), . . . , ϕ(fr))

homIn(I) = t.I ∩ K〈X〉−−−−−

8
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Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒ B∗A†C is positive

Proof with package OperatorGB:

9



Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒
∃R : B∗A†C= R∗R

B∗A†C is positive

Proof with package OperatorGB:

9



Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒
∃r : b∗a†c − r∗r ∈ I

B∗A†C is positive

Proof with package OperatorGB:

9



Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒
∃r : b∗a†c − r∗r ∈ I

B∗A†C is positive

Proof with package OperatorGB1:

1Available at https://clemenshofstadler.com/software/ 9

https://clemenshofstadler.com/software/


Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒
∃r : b∗a†c − r∗r ∈ I

B∗A†C is positive

Proof with package OperatorGB1:

1Available at https://clemenshofstadler.com/software/ 9

https://clemenshofstadler.com/software/


Finding positive factorisations

Lemma (Arias, Gonzalez, 2010)
Let A,B,C be bounded linear operators such that
R(B) ⊆ R(A∗). Then,

∃X positive : AXB = C =⇒
∃r : b∗a†c − r∗r ∈ I

B∗A†C is positive

Proof with package OperatorGB1:

1Available at https://clemenshofstadler.com/software/

9

https://clemenshofstadler.com/software/


Monomial part

Given: Iρ = (f1, . . . , fr)ρ ⊆ K〈x1, . . . , xn〉
Task: Compute mon(Iρ) = (m ∈ Iρ | m monomial)ρ

A = K〈X, T, T−1〉/(1− tit−1i , xjti − tixj) − − − −−

ϕ : K〈X〉→ A, xi1 . . . xik 7→ [xi1 . . . xikti1 . . . tik ]

t.Iρ = (ϕ(f1), . . . , ϕ(fr))ρ

mon(Iρ) = t.Iρ ∩ K〈X〉−−−−−

Approach does not immediately extend to two-sided ideals!

I = (x1 − x2) =⇒ x1x2 − x2x1 ∈ t.I ∩ K〈X〉
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Conclusion

Summary

• Techniques to compute elements of certain form in ideals

◦ ideal intersections
◦ homogeneous part

◦ monomial part
◦ . . .

• Implemented in software package OperatorGB

• Used to automatically prove statements about operators
(e.g. generalized inverses, homological algebra, . . . )

Outlook

• Investigate possibilities for optimisation

• Ideal theoretic operations for further classes of elements
11


