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Algebraic setting

X ={x1,...,%Xn} ...set of indeterminates
(X) = {xi; ...xq, [11,..., i €{1,...,n}} ...free monoid

K(X) = { X ey cmm | cm € K such that ¢ = 0
for almost all m} ... free algebra in X over K

For F ={fy,...,f;} € K(X) we denote

(F) =(fi,...,fx) = {Z aifj bi | ai,bi € K(X), fj, € F}
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X ={x1,...,%Xn} ...set of indeterminates
(X) = {xi; ...xq, [11,..., i €{1,...,n}} ...free monoid

K(X) = { X ey cmm | cm € K such that ¢ = 0
for almost all m} ... free algebra in X over K

For F ={fy,...,f;} € K(X) we denote

(F)p:(ﬁ,...,ﬂ)p:{z fi by | bi€K<X),fieF}



Framework for verifying operator statements

(Raab, Regensburger, Hossein Poor, 2021)

Starting point: Statement about linear operators to prove

1 Translation:

i. Phrase all properties in terms of identities
ii. Convert identities into noncommutative polynomials

2 Solving: Find elements of certain form in ideal

3 Apply framework: General theorem guarantees existence
of formal proof in terms of operators in all possible settings
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IX:AXB=C <= R(C)CR(A)and R(C*(AN*) C R(B*)
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Ideal intersections

Useful for finding polynomials f in ideal I of the form
f=ar—c forgiven a,c € K(X)

Given ideals I,] C K(X) and right ideals I, J, C K(X).
Compute the intersections:

alll Jo | J
th + (1—1)], J=(G)=(Gyp),
b " I, N (G
K<X> p ( p)p
I IZ(G)Z(Gp)p tI+ (1 —t)] + (tX = Xt)
(Go), 1 T, )
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Finishing the example

Let A,B,C be bounded linear operators on complex Hilbert
spaces. Then,

IX:AXB=C <= R(C)CR(A)and R(C*(AN*) C R(B*)

“ﬁ”:

Assumptions:

aata — a, afaa’ — af, (af)*a* — aaf, a*(af)* — afa,
c— ay, c*(ah)* — b*z + adjoint polynomials

Claim: Ix :axb — c € (f1,...,T12)

az‘b—c = fiy+ (1 —aal)fs + afyy
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Further techniques

o to i GEEETREBTERETS)

P positive < 3Q:P =Q*Q
(in K(X): findp — q*q € 1)

ldea: Search for these elements by computing
homogeneous polynomials in ideal.

Task: Given ideal I C K(X) and degree matrix D € Q<™.
Compute homp (I) := (f € I | f homogeneous w.r.t. degp).
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Homogeneous part

Given: I = (f1,...,fr) CK{X1y...yXn)
Task: Compute homy, (I) = (f € I | f homogeneous w.r.t. deg;, )

Generalisation of (Miller, 2016).
A= K<X, T, T_] >/(] — titi_] y Xt — tixg, tity — tjti)
@:KX)—= A xq...0x4

tI=(e(f1),..., o(f))

M [Xi] N T * P -tik]

homy, (1) = t.INK(X)
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Finding positive factorisations

Let A,B,C be bounded linear operators such that
R(B) C R(A*). Then,
JX positive : AXB =C =

Ir :b*aflc — rrel



Finding positive factorisations

Let A,B,C be bounded linear operators such that
R(B) C R(A*). Then,
3X positive : AXB = C —> [B*AIC is positive|

Proof with package OperatorGB!: O brafe — rrel

I Available at https://clemenshofstadler.com/software/
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Finding positive factorisations

Let A,B,C be bounded linear operators such that
R(B) C R(A*). Then,
3X positive : AXB = C = [B*AIC is positive|

Proof with package OperatorGB!: I - brate

(» Loading the package *)

rrel

SetDirectory[NotebookDirectory([]];

<< OperatorGB.m

Package OperatorGB version 1.4.1

Copyright 2019, Institute for Algebra, JKU

by Clemens Hofstadler, clemens.hofstadlerejku.at

(* Defining the mptic d monomial ordering x)

assumptions = Join[{adj[b] -p**a, ax+ adj[y] #xy *xb-c, bac - adj[b] »»a' xxc}, Pinv[a]];

SetUpRing[{a, adj[a], a', adj[a'], b, adj[b], c, adj[c], p, adj[p], ¥, adj[y], bac}]

(+ Setting up the degree matrix «)
D = Table[0, {i, WordOrder // Length}, {j, 6}];
D[[1, 1]] =1;D[[2, 1]] =-1;

D[[3, 2]] =1; D[[4, 2]] = -1;

D[[5, 3]

D[[7, 4]]

D[[9, 5] =1; D[[10, 5]] = -1

D[[11, 6]] =1; D[[12, 6]] = -1;

I Available at https://clemenshofstadler.com/software/
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Finding positive factorisations

Let A,B,C be bounded linear operators such that
R(B) C R(A*). Then,
3X positive : AXB = C = [B*AIC is positive|

Proof with package OperatorGB!: I - brate

n1z1= (+ Computing the reduced Grébner basis )

—1r*rel

G = Groebner [cofactors, assumptions];
G = Interreduce[G][[1]]};

(» Computing homp (I)

hom = Hom[cofactors, G, 2, D];

G has 694 elements in the beginning.

Starting iteration 1...
8416 ambiguities in total

Iteration 1 finished. G has now 1269 elements

Starting iteration 2...
31810 ambiguities in total

Iteration 2 finished. G has now 8715 elements

(» Found a positive factorisation )
hom[[26]]

~bac + adj [b] xx adj[y] +y xxb


https://clemenshofstadler.com/software/

Monomial part

Given: I, = (f1,...,fr)p S K{x1,...,Xn)
Task: Compute mon(I,) = (m € I, | m monomial),
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Monomial part

Given: I, = (f1,...,fr)p S K{x1,...,Xn)
Task: Compute mon(I,) = (m € I, | m monomial),

A= K<X,T,T7]>/(] —tit;],thi—tin)
@:KX) = A, xq,..0x4

tl, = ((p(ﬁ))---aq)(fr))p

13
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Monomial part

Given: I, = (f1,...,fr)p S K{x1,...,Xn)
Task: Compute mon(I,) = (m € I, | m monomial),

A= K<X,T,T7]>/(] —tit;],thi—tin)
@:KX) = A, xq,..0x4

tl, = ((p(ﬁ))---a(p(fr))p

. [Xﬁ Xty . -tik]

mon(I,) = t.I, N K(X)

Approach does not immediately extend to two-sided ideals!

I=(x1—x%2) - X1x2 —Xox1 € t.IN K<X>
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Conclusion

Summary

e Techniques to compute elements of certain form in ideals

o ideal intersections o monomial part
o homogeneous part o ...

e Implemented in software package OperatorGB

e Used to automatically prove statements about operators
(e.g. generalized inverses, homological algebra, . . .)

Outlook

¢ Investigate possibilities for optimisation
¢ |deal theoretic operations for further classes of elements
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