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Noncommutative polynomials

X ={x1,...,%n} ...set of indeterminates

(X) =1{xq, ...xq, [11,...,1k €{1,...,n}} ...free monoid
o (Xi1 ~--Xik) : (Xh ...le) = Xig oo X Xy o0 0 X5y

R(X) = (Y erx) cmm | cm € Rsuch that ¢y = 0

for almost all m}...free algebra in X over R

o Addition: term wise
o Multiplication: R-bilinear extension of multiplication in (X)

For F C R(X) we denote

(F) ={>_ aifibi | ai,bi € R(X), f; € F}



Framework for verifying operator identities
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noncommutative indeterminate in the differences
of the left and right hand sides.

3. Prove that the polynomial f corresponding to the
claim lies in the ideal (F) generated by the set of
polynomials corresponding to the assumptions.
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Framework for verifying operator identities

(Raab, Regensburger, Hossein Poor, 2021)

1.

4*.

Phrase all assumptions on the operators involved
as well as the claimed property in terms of identities.

. Convert these identities into polynomials by uniformly

replacing each operator by a unique
noncommutative indeterminate in the differences
of the left and right hand sides.

. Prove that the polynomial f corresponding to the

claim lies in the ideal (F) generated by the set of
polynomials corresponding to the assumptions.

Consider different settings where the assumptions
still hold and immediately obtain analogous
statements in those settings as well.

N

> translate

solve

interpret
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Setting is encoded in labelled quiver Q. ¢ ___— *
a b

Vertices and edges of Q are assigned objects and morphisms.

f € R{X) compatible with Q <= monomials of f are paths in Q with
same start and end.

= Compatible polynomials have realizations as morphisms.

Let F C R(X) and f € (F). Then, for every labelled quiver Q and every
representation of Q in an R-linear category s.t.

1. f and all elements of F are compatible with Q, and
2. realizations of all elements of F are zero,
we have that the realization of f is zero.
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field of
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e Solvability of systems of equations



(MiloSevi¢, 2020)

Theorem 2.2 Let ag by, ¢; be elements of a ring R with a unit such that a;b; are regular and
aqa; ciby by = ¢ for ¢ = 1,3, Additionally, let 8 = azly),§ = asla,,m = jlo,t = vy, ba b = rpba,n =
Tik, p = aalay,q = viybay and 8,5, m Lk, normp, gla, e, pmd, aliln € R™. The following ave equivalend:

(1) The system of equations (11) is consistent.
() The conditions

Ts(cz — azay erby bp)ly = 0
Proptmd (FropPmd )" Frprmela (aln) " gln = 1o pPmeln
i elkln (liln) " qlkln = rmelkln

are satisfied, where e = ¢3 — j8~ el ™k — agag recat "k — jaealiby bs — (a3 — F87ag)ay erb] (bs —
bat k).

(ié1) The conditions

7s(e2 — agay erby bp)ly = 0

Tj(ca — agay erby by)ly =0

Tmles — 87 caleby b — (a3 — js”az)ay by ba)lylnl g,
TrpyprmiTrmpTm (€3 — a3ay Tscat™ k — azay e1b] (b — bt k)L, =0
TropPmlcs — §87eat ™k — azay reeat™k — js™calihy by

—(az — js"az)ay ciby (ba — bot " k) lnlg, = 0.

are satisfied.




In that ease the general solution of (11) is given by (34), where

21 =erf + g reeat T+ arlay (Fmp) T rmle — G0, pTmd) T e ptme
— dlreprmgd " usbT (L= bat s Wrgni,9 — (1 — §{Prpprmd) " Froptm)eleln(gliln) "g)lnk ™t
+ aray Lt — alay (Pmp) " rmp(l — lays”an)ag w "kl k™,
(erby (b — bat™k) + g™ recat ™ k) + a3 can™n+ a1(1 — a3 rrjas)al usn"n
Aoy (Fmp) " Pmle — J(Prnptmd ) Praptme — ey w8 usby (1 — bt 7r Irgna,q
— (1 = jlreprmd) " rrnprm)elilaalidn) " glk Tkl + aray luit” kL,
— @1lay (Pmp) rmp(l — loy 8™ ag)ay wnt kl,,
ge1 + 88 cali [T+ s(re,ptmd ) Praptmeln(gln) "o, by
prmid T+ (1= 37PN pPond) ") Tl (Gl ) 70,01
+ 85 u-uf[ll by — 8§ Pl raiS” uab] (1 — bt vy Jalila(glada) "o,
— 8P pmd) Trptmds usby (1 — bat " ra Jalal(gln) reab,
gerby (ba — bat Tk, + 887 ealeby bl + (997 rac2 + 857 e2)t Tkl + 1eazaz eann
+ reaz(l — a3 rmrjas)ay uan"n + 8§ rp (s azay e3 + (sTas(l — a3 rprias) — i azayugln e
+8(1 = i )8 Tugn TR 8, gl ) T meln () T ra,bi by (By — DptTR)L,
+ 8l prnid T+ (L= 07 md) (et ) Trmp)rmeliln(gliln) "o, biby (bs — bot k)1,
+ 857 ugr by (ba — bot " k)l
— 8§ Fumils, by (1 = bat vy, alila(alydn) o babi (bs — bat ),
— &Py gt ) T ptmd s T usby (1 — bat Try, Jalu(gln) "robaby (bs — bat ™k ).,
T ((ag — Fsag)al ey + ds~ealy f7) + mam~egbl by + manTusb] (1 — balid b7 )by
+ T (Trpfmd) TrpTmeln(@ln) royby + rmfle, e i T rmelkdn(@leln) " by + TindsTuarsby by

= Prdle g prmg® wsby (1 — bat ™1y, )qleln (aleln) ro,br

— P (Tr pPmd) T ptmis uab] (1 — bot " ry Yala(gln) " ry,bn,

Tmlaz — jsTag)al 1 f + rmasag recat ™t + rmjs(cole ST + eatTE) + mm T eaby baly

+ mnm”ughy (1 — balplyby Ybaly + momn ™ [ezby bat ™ + usby (1 — balglnby Yoot~ — bak ™ )klpk ¢
+mm”ugt (1 — klo k™) + rmlas — jsap)ay lunt ™t

+rmlas — js”ap)ay arlay (rmp) "rile = dlr, e usby (1= bot re, a9
— 3l prmd) T ptme — (1= §{reprmd) " e ptm)eleln(gledn) " gllnk ™t
— rmlag — j8~ag)ay arla, (Fmp) rmpl(l — Loy s ag)ay urt " kinkt,
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Applications

In the field of generalised inverses:

e Reverse order laws
¢ Solvability of systems of equations

In the field of homological algebra: h j

A—B—C—D—

e Diagram chases l“ JB J J l
Y o €
e Constructive versions of Fitting’s and Warfield’s theorem*

(Chenavier, Cluzeau, Quadrat, 2020)

Any further ideas for possible applications?

11
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We fix a monomial ordering < on (X).

Let f, f’, g € K(X) with g # 0. We say that f reduces to f’ by g if
there exist a, b € (X) such that alm(g)b € supp(f) and

B coeff(f, alm(g)b)
le(g)

In this case, we write f —4 f/, or f —q gp f'.

fl=f - agb.
Adapt to sets G C K(X) by
fogf & 3IgeG:f—ogf.

We denote by X the reflexive, transitive closure of —.
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Grobner bases

Let I C K(X) be an ideal and G C I such that (G) =I. Then, G
is called a Grobner basis of I if and only if —¢ is confluent.

G is a Grobner basis of I iff

e every f € K(X) has a unique normal form under —.

e fel & f5g0.

Caution
Not all ideals in K(X) have a finite Grébner basis!
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Confluence check
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have to consider these branching points for all f, g € G:
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Ambiguities
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Let f,g € G C K(X) be such that f, g # 0.

If Im(f) = AB and Im(g) = BC for some A, B, C € (X) \ {1}.
Then, we call (ABC, A, C, f, g) an overlap ambiguity of G. Its
critical pairis (ABC — f', ABC — g’) with ABC — ¢, f" and
ABC _>A,g,1 g,.

If Im(f) = ABC and lm(g) = B for some A, B, C € (X). Then, we

call (ABC, A, C,f, g) an inclusion ambiguity of G. Its critical pair
is (ABC — fI,ABC — g/) with ABC —1,f,1 f’ and ABC —A,g,C g/.

15



Diamond Lemma

Definition

Let G C K(X) and let a = (ABC, A, C, f, g) be an ambiguity of
f,g € G\ {0}. Furthermore, let (ABC — f’; ABC — ¢’) be the
critical pair of a. Then, the S-polynomial of a is given by

spol(a) = (ABC —g') — (ABC—f') =f"—g’.
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Diamond Lemma

Definition

Let G C K(X) and let a = (ABC, A, C, f, g) be an ambiguity of
f,g € G\ {0}. Furthermore, let (ABC — f’; ABC — ¢’) be the
critical pair of a. Then, the S-polynomial of a is given by

spol(a) = (ABC —g') — (ABC—f') =f"—g’.

Let G C K(X). Then, G is a Grébner basis of (G) if and only if
spol(a) —¢ 0 for all ambiguities a of G.
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Buchberger algorithm

Input: a finite set F C K(X)
Output if the algorithm terminates: G C K(X) such that G is

1:
2:
3:
4:

10:
11:

a Grobner basis of (F)
G«F
amb « all ambiguities of G
while amb # () do
while amb # () do
select a € amb
amb «— amb \ {a}
compute a normal form f’ of spol(a) w.r.t. to —g
if ' £ 0 then
G« GUI{f'}
amb « all new ambiguities of G
return G

17
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Faugere’s F4 algorithm

e First published in 1999 by Jean-Charles Faugére in

A new efficient algorithm for computing Grébner bases
(F4).
Journal of Pure and Applied Algebra 139, 61-88, 1999.
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Faugere’s F4 algorithm

e First published in 1999 by Jean-Charles Faugére in

A new efficient algorithm for computing Grébner bases
(F4).
Journal of Pure and Applied Algebra 139, 61-88, 1999.

e Main idea: use linear algebra for polynomial reduction

o Noncommutative F4 first published by Xinggiang Xiu in

Non-Commutative Grébner Bases and Applications.
PhD thesis, University of Passau, 2012.
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Polynomials «+— matrices

LetF = {f13f23f3} c @<X,U>Z>a with

f1 = xxyz + 2xyy + x,

f2 =xyy —yz,

f3 =yz — 2x.
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First idea

Given G ={g1,..., 9k} C K(X) and F = {fy,..., fin} C K(X) we
want to reduce all f € F by G simultaneously.
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First idea

Given G ={g1,..., 9k} C K(X) and F = {fy,..., fin} C K(X) we
want to reduce all f € F by G simultaneously.

* *\ 9 1 x *
* * | gk
RRef .
Meour =% ... ... « fi T — FRRef(Mgur)
k * fm
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Symbolic preprocessing

Input: a finite set F C K(X) and G C K(X)
Output: G’ C{agb|a,b e (X), ge G}
G0
T « supp(F) \ Im(F)
done « Ilm(F)
while T # () do
selectteT
T« T\{t}
done «+ done U {t}
if there exist g € G, a,b € (X) s.t. t = alm(g)b then
G’ « G’'U{agb}
T« TU (supp(agb) \ done)
: return G’

© ® N o R 0Nhd 2

—_ .
- O
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Symbolic preprocessing

Input: a finite set F C K[X] and G C K[X]
Output: G' C{tg|te [X],ge G}

—_ .
- O

© ® N o R 0 Nhd 2

G0
T « supp(F) \ Im(F)
done « Ilm(F)
while T # () do
selectteT
T« T\{t}
done « done U {t}
if there exist g € G, t’ € [X] s.t. t = t’lm(g) then
G '« G'u{t'qg}
T« TU (supp(t’g) \ domne)

: return G’
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Symbolic preprocessing

Let (ABC — ', ABC — g’) be the critical pair of an ambiguity of
G.
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Symbolic preprocessing

Let (ABC — ', ABC — g’) be the critical pair of an ambiguity of
G.

F ={ABC — f,ABC — g/}
F' = FU SymPre(F, G).

1 % ... %\ ABC—¥’ 1 % ... %\ ABC—f/
1 -+ x| ABC—g¢g’ 0 x - x| f'—g’

Mp = g1 RRef g1

*
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Example

Let F = {f1, f2, 3, f4} C Q(x,y), with
f1 =yxyx, f2 = yxyx +yxx,
f3 = yxy, fs = yxy + xy.

Let G = {91) 92, 93} - @<X,y>, with

gi=yx+x, g=y+1, g3s=yxy
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Reduction

Input: a finite set F C K(X) and G C K(X)
Output: F C K(X)\ {0}

1
2
3
4

: G’ « SymbolicPreprocessing(F, G)

: F « FUG’

L F e {f € Frretiuy,) | £ # 0 and Im(f) ¢ Im(F)
: return F
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Reduction

Input: a finite set F C K[X] and G C K[X]
Output: F C K[X]\ {0}

1
2
K}
4

: G’ « SymbolicPreprocessing(F, G)

: F« FUG’

cFe{fe FRRef(M, ) | T 7 0and Im(f) ¢ Im(F')}
: return F
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Main result

Let G C K(X) and let C be a finite subset of critical pairs of
ambiguities of G. Furthermore, let F = U(ﬁg)ec{?» g} be the set
of all polynomials appearing in the critical pairs of C and let

F = Reduction(F, G). Then,

spol(a) i’Gu? 0,

for all ambiguities a of G such that the critical pair of a is in C.
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F4 algorithm

Input: a finite set {fy, ..., fm} C K(X)
Output if algorithm terminates: G C K(X) GB of (f;,...,fm)
1: G {f1,...,fm}\ {0}
2: critPairs « critical pairs of all ambiguities of G
3: while critPairs # () do
4:  while critPairs # () do
select C C critPairs
critPairs « critPairs \ C
f — U(f,g)ec{f> gt
F + Reduction(F, G)
G« GUF
10: critPairs « critical pairs of all new ambiguities of G

11: return G
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F4 algorithm

Input: a finite set {fy,..., f} C K[X]
Output: G C K[X] GB of (f1,...,fm)
1: G H{f],...,fm}\{()}
2: critPairs « all critical pairs of G
3: while critPairs # () do
4: while critPairs # () do
select C C critPairs
critPairs « critPairs \ C
f — U(ﬁg)ec{ﬁ g}
F «+ Reduction(F, G)
G« GUF
10: critPairs « all new critical pairs of G

11: return G
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Example
Let

f1 =yx +x, fo=y+1, f3 =yxy € Q(x,y).
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SymPre
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G= {f],fz,fg,XX,X} is a GB of (f],fz,fg)
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